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Surely the academic area of social psychology is not considered having a large
degree of overlap with mathematics. Nevertheless an experiment conducted by the social
psychologist Stanley Milgram in 1967  known as the small-world experiment [1]  is
still in focus of current mathematic and computer scientic research for various reasons.
The experiment suggests, that the most pairs of strangers in the world are connected
via short chains of acquaintance. This paper presents several attempts at modeling this
phenomenon as graph and investigating structural properties of these graphs, i.e. a low
expected minimum path length of two arbitrary nodes. However, we will observe that such
evidences of existence of short paths do not satisfy claims and we have to take algorithmic
aspects into account as well. Therefore the paper focuses on local routing in small-world
networks and presents two algorithms enabling nodes provided only with local knowledge
to nd short paths.
Abstract.
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Motivation

Most people probably came in contact with the small-world phenomenon already  maybe
through own experiences like meeting a stranger and point out a common friend, maybe through
applications on social network platforms calculating the usually short connection path via friends
and friends of friends from you to the owner of the prole you are looking at (like [2]), or maybe
through a radio morning show where they called some professor saying that you are likely to
know Barack Obama personally via a very little number of intermediate acquaintances. All these
notices refer to a thesis known as the small-world phenomenon, which is not only interesting for
social psychology but for mathematic and computer scientic research as well.
The thesis was introduced by the American social psychologist Stanley Milgram in his manuscript
The small-world problem [1], in which he conducted following experiment. A source person S (for
instance in Boston) obtained a letter with the task of delivering it to a target person T (far
away from the source person  for example in Omaha) identied by basic personal information.
Therefore the source should forward the letter either directly to the target person (in the case of
acquaintance) or to someone he or she knows on a rst-name basis who is more likely to know
the target. The result of the experiment was among other things, that the average path length
of thus developed chains of acquaintance fell around six, which is a surprisingly small value in
respect of the number of people living in USA. Furthermore these chains often passed the same
dedicated person, namely Mr. G., who delivered the letter over a long distance. Mr. G. was
somehow predestinated for that task, for instance due to his profession or because he lives in the
same city as S but has relatives in T's occupation.
This experiment was adapted to other social networks (like [3], [4], [2]) with similar results.
Even in technological (see [5]) or biological (for example the neural network of Caenorhabditis
elegans [6]) networks, the small-world phenomenon is pointed out as an essential factor for the
high eciency of networking. We see that understanding this kind of network is important to
many scientic areas, especially to the eld of computer science. Routing in computer networks
and designing ecient routing tables for such networks is only one example of use.
We will consider a historical overview over various attempts at an mathematical explanation
of the small-world phenomenon. Furthermore we will discuss latest research results on this topic
focusing on algorithmic approaches. Both aspects are highly nontrivial problems. Human social
life and interpersonal communication are way too complex to represent it in a reasonable clear
mathematical model. Human behavior is highly nondeterministic and complex as well, so it
is questionable if the concept of algorithms is capable to provide a proper framework at all.
However when we move our focus away from social psychology and consider other scientic elds
of interest, the results help us understanding real-world networks and improving man-made
networks as mentioned above.
In the second section, this paper presents dierent eorts of modeling small-world networks
as graph. Therefore the central theme in this section can be summarized in following question.
How a network should be structured in order to be a small-world network?. The third section
focuses on algorithmic aspects and how vertices provided only with local information are able to
nd such short chains of acquaintance.
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Modeling Approaches

2.1 Basic Paradigms
2.1.1 Modeling Principles

All of the modeling approaches discussed in this paper follow
the basic design idea suggested in [7]. According to this, small-world networks can be modeled by
structured graphs plus a certain amount of randomness. Therefore the edges of such graphs can
be divided into local and long-range connections. An arbitrary node is rich on local connections,
but also has few long-range connections with endpoints somehow randomly distributed over the
network.
This concept often has a "geographic" interpretation. A node n in a small-world network
usually has a neighborhood consisting of nodes not far away from n, but is also associated with
few nodes distributed more broadly across the network. An example is given by acquaintance
relationships in social networks, where the nodes are individuals which are communicating with
their neighbors as well as with friends all over the world. Another example are national, continental, and intercontinental air connections in the network of the world's air trac where the
nodes represent airports [8].
Because of technical reasons, we normalize most of the parameters dened in the following
section in order to assure that they lay between 0 and 1. Thus we dene a helper function
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where V is an arbitrary vertex set. Note that for a A ⊆ V , c(A) gives the maximal number
of edges which could exist between nodes in A.
∀A ⊆ V : c(A) := |A|(|A| − 1)

2.1.2 Crucial Graph Properties

Thinking of necessary structural properties for small-world
networks forces the investigation of the diameter of the graph. When we take a closer look to the
experiment setting, the average length of the shortest path between two arbitrary nodes should
be more meaningful. Consequently [7] denes the characteristic path length L for an undirected
connected graph G = (V, E) as shown in (2).
P
v1 ,v2 ∈V ds (v1 , v2 )
L :=
(2)
2 ∗ c(V )
where ds : V 2 → N gives the length of the shortest path between two nodes. Figure 1 gives
two examples how to calculate this value. In gure 1a, all the nodes are directly connected with
each other, so the average shortest path length between two arbitrary nodes is L = 1. In gure

(a) Complete graph structure with L =(b) Star graph structure with L =
1, C = 1.
72/42 ≈ 1.714, C = (6 + 2/7)/7 ≈ 0.898.

Fig. 1: Calculating characteristic path length and clustering coecient.
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1b, the denominator is 2 ∗ c(V ) = 7 ∗ (7 − 1) = 42 since there are 7 nodes. For the same reason
there are 42 positive summands in the numerator. ds (A, v) = ds (v, A) = 1 for all nodes v 6= A.
Consequently 12 of the 42 summands are 1. All the other summands are 2 because if A is not
an end- or start node of a shortest path, its length is 2 (having A as the "middle" node). This
leads to L = (12 + (42 − 12) ∗ 2)/42 = 72/42 ≈ 1.714.
Unlike L, which describes the long-range connections, the clustering coecient C (dened in
(4)) is used to examine the structure of the local neighborhood of the nodes.

∀v ∈ V : Cv :=

|E ∩ Nv2 |
, Nv := {n ∈ V |{n, v} ∈ E}
c(Nv )
P

v∈V

C :=

(3)

Cv

(4)

|V |

Thus Cv is the fraction number of connections which exists in the neighborhood of v over the
maximum number of edges which could possibly exists. This value is often called local clustering
coecient and describes how close the neighborhood of v is to being a clique. C then denotes the
average over these Cv s. Consequently a high C implies a highly clustered graph. Figure 1a shows
a graph with C = 1, because the neighborhood of each vertex is the whole (complete) graph. In
gure 1b Cv = 1 for all v 6= A since the neighborhood consists only of the directly connected
v and A. Since nodes in NA are connected with 6 edges and c(NA ) = 21 ∗ 7 ∗ 6, we can write
CA = (2 ∗ 6)/(7 ∗ 6) = 2/7. Consequently C = (6 ∗ 1 + 2/7)/7 ≈ 0.898.
[7] suggests, that small-world networks are networks with a high clustering coecient C
and a low characteristic path length L. However, the quantication via clustering coecient is
controversial, since it does not respect social roles of vertices in the social network application
and does not allow "urban" sub-networks typically for human interaction behavior.
[6] extended these denitions for generic weighted graphs G = (V, E, d : E → R+ ) (therefore
possibly nonmetric and nonconnected) by introducing the terms local (which describes the fault
tolerance of a system) and global eciency (which is an analogon to L) of a network. When we
calculate the eciency of unweighted graphs, we set d ≡ 1. Let now  : V 2 → R and for v1 , v2 ∈ V
let (v1 , v2 ) be the inverse minimum weight of all paths in G between v1 and v2 (set (v1 , v2 ) = 0
if there is no such path in G or v1 = v2 ). For a subgraph H ⊆ G we dene its eciency in (5).

P
E(H) := 2 ∗

v1 ,v2 ∈V (H)

(v1 , v2 )

(5)

|V |(|V | − 1)
P

E(G )

We set the global eciency Eglob := E(G) and the local eciency Eloc := v∈V|V | v where
Gv ⊆ G is the subgraph inducted by v and its neighbors. L1 may be a reasonable approximation for
Eglob as long as we are aware of the fact that L1 measures the eciency on sequential systems while
Eglob handles parallel systems in the communication network scenario. C is a good approximation
for Eloc on nonsparse graphs. Consequently small-world networks are characterized by high local
as well as high global eciency.
In order to normalize the measurement, [6] suggests to divide E(G) with a suitable value to
guarantee 0 ≤ E(G) ≤ 1. In general this value depends on the specic graph. However, in this
paper we will consider only unweighted graphs (d ≡ 1), so we chose the constant 2 in (5). This
is correct, because the most ecient unweighted graphs are the complete graphs Kn , since for
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Fig. 2: Graph formed by adding a random matching to a 12-cycle.
all nodes v1 , v2 ∈ V (Kn ), v1 6= v2 is (v1 , v2 ) = 1 (inverse of the shortest path, which has length
1). Thus for all unweighted graphs G = (V, E) we can estimate E(G) as follows.

P
0 ≤ E(G) ≤ E(K|V | ) = 2∗

v1 ,v2 ∈V (K|V | )

(v1 , v2 )

|V |(|V | − 1)

P
= 2∗

v1 ,v2 ∈V (K|V | ),v1 6=v2

|V |(|V | − 1)

1
=

|V |(|V | − 1)
=1
|V |(|V | − 1)
(6)

2.2 Interpolating Between Random and Structured Graphs
2.2.1 Diameter of Structured Graphs Plus Random Matchings

One of the rst mathematic approaches to the small-world phenomenon considered the diameter of random graphs,
which usually is in O(log n) and thereby very small [9]. Therefore it is very likely that a short
path between two generic vertices exists in a random graph. However, modeling small-world networks with pure random graphs was given up quickly because it does not represent a fundamental
aspect of small-world networks: locality. For instance in social networks, when A and B know
C, it is very likely that A and B know each other. In order to overcome this defect, the model
has to somehow interpolate between a structured and a completely random graph. In [10], B.
Bollobás and F. R. K. Chung considered the diameter of such interpolating graph structures.
They generalized their theorem and showed that inequalities similar to (7) hold true basically
for all bounded degree graphs plus random matchings. In this paper we will only cover the basic
case, namely that if "a graph G = (V, E) [is] formed by adding a random matching to an n-cycle
[as shown in gure 2], then with probability tending to 1 as n goes to innity, G has diameter
D(G) satisfying

log2 n − c ≤ D(G) ≤ log2 n + log2 log n + c

(7)

where c is a small constant (at most 10)" [10]. Consequently, the characteristic path length L
lays in O(log n). Therefore for v1 , v2 ∈ V, v1 6= v2 is (v1 , v2 ) ∈ Ω( log1 n ) because G is connected.
Thus, analog to (6) we write

Eglob ∈

|V |(|V | − 1) ∗ Ω( log1 n )
|V |(|V | − 1)

= Ω(

1
).
log n

(8)

L and Eglob assure a good global eciency of G. We can see that E(C) = 32 , since every
vertex has two neighbors, so the maximum number of edges in such neighborhood is three (K3
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(a) Rewired lattice with n = 12, k = 4, p = 0. (b) Rewired lattice with n = 12, k = 4, p = 1/8.

Fig. 3: Random rewiring procedure of Watts and Strogatz.
has three edges), but actually there exist only two edges (assuming there random matchings point
to vertices outside this neighborhood which is the case as n goes to innity). Analog consideration
leads to

E(Eloc ) = 2 ∗

1 + 1 + 12
5
= .
3 ∗ (3 − 1)
6

(9)

The analysis done above shows that graphs formed by adding a random matching to a cycle
meet our paradigms constituted in section 2.1. Nonetheless we will generalize this modeling
approach in the following and show that even the generalized model is inappropriate for explaining
the small-world phenomenon in section 3.

2.2.2 Randomly Rewired Lattices In [7], Watts and Strogatz suggest a modeling procedure
which allows to interpolate between random and structured graphs in a more detailed way.
Therefore they started with a ring lattice with n vertices of the degree k . With a probability of

Fig. 4: Small-world networks in randomly rewired lattices, characterized by a low characteristic path length L and a high clustering coecient C . The diagram sketches their distribution
depending on the rewiring probability p (logarithmic scaled). Diagram adapted from [7].
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0 ≤ p ≤ 1 each edge is then rewired to a randomly but uniformly chosen new target. Note that
p = 0 leads to a regular lattice while setting p = 1 produces completely random graphs. Two
examples of this modeling procedure are shown in gure 3. For the clustering coecient C and
the characteristic path length L, they detected that with increasing p, C(p) stays on a high level
for a long time while L(p) quickly drops to a low level. So there are values of p with L(p) is close
to Lrandom but C(p)  Crandom , which identies small-world networks (as outlined in gure 4).
They test this conclusion successfully with three real world small-world networks (collaboration
network of actors, electrical power grid of the western United States and the neuronal network
of the worm C. elegans).

2.2.3 Kleinberg's Model

The models presented so far were based on the assumption that the
long-range contacts are uniformly distributed over the network. [11] showed that this assumption
may prevent local algorithms from nding short paths eectively (see section 3), so he used
a more generalized graph model G = (V, E), introducing the parameter p ≥ 1, q ≥ 0 and
r ≥ 0. The vertices in Kleinberg's model are identied by tuples (i, j) ∈ {n0 ∈ N|n0 ≤ n}2
and therefore represent lattice points in a n × n square (n ∈ N xed). We dene the metric
d((i, j), (k, l)) := |k − i| + |l − j|, which would have the meaning of "number of lattice steps
between (i, j) and (k, l)" in our n × n square analogon. This metric is known as the Manhattan
distance. A vertex v is connected with all vertices u for which d(v, u) ≤ p holds true (local
contacts) and additionally to q long-range contacts, whereby the endpoints of the long-range
contacts are chosen by independent random trials using a probability distribution called inverse
rth power distribution. Thus there is a long-range edge from v to u with probability

[d(v, u)]−r
.
−r
x∈V [(d(v, x)]

P ((v, u) ∈ E) = P

(10)

When we set r = 0 we get the rectangular distribution for long-range contacts. Note that
when we additionally set q = p = 1 and use a one dimensional lattice, our resulting graphs are
isomorph to graphs formed by adding a random matching to a cycle discussed in section 2.2.1.
Consider gure 5 to become more familiar with the model.
[11] provides no further analysis of its network model. [12] suggests that the expected diameter
is Θ(log n) when we set r = 2. Evaluating the clustering coecient seems to be nontrivial and
would go beyond the scope of this paper.
In the following paragraph we will refer to the parameters from [7] with psw and ksw .
Counterintuitively Kleinberg's model is not an exact generalization of the approach from [7]
which we considered in section 2.2.2, since we cannot simulate this rewiring procedure for all
feasible values of psw . For instance let G be such a rewired lattice with 0 < psw < 1. In order
to transform such a structure to Kleinberg's regime, we have to set p = 0 because otherwise
each vertex would have a guaranteed number of local contacts which is not the case in G (each
outgoing edge of a vertex may be rewired). Thus all contacts have to be long-range contacts
(q = ksw ). The rewiring procedure in [7] implies that for a vertex v the probability of having an
edge to vertex u is
(
c1 if v was connected with u before rewiring
P ((v, u) ∈ E) =
(11)
c2 otherwise
for some constants c1 and c2 depending on p and n. Such a case-by-case analysis could obviously
not be simulated by an inverse power distribution unless one of the cases would be impossible.
However since both cases are possible (because of psw ∈
/ {0, 1}), a model of this kind has no
equivalent in Kleinberg's regime.
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(a) Regular two-dimensional 5 × 5 lattice produced by(b) Outgoing edges of a vertex v in a model with n = 5,
setting n = 5, p = 1, q = 0.
p = 2, q = 2. The red edges (long-range connections)
point to nodes distributed more broadly over the lattice.

Fig. 5: Modeling approach in [11].

2.2.4 Further Classications of Small-World Networks

The question of vertex connectivity distributions of small-world networks was discussed in [8] as well. For this purpose they
studied a number of real-world small-world networks (such as social, biological, physical, economical and technical networks) and devided them into three classes characterized by their vertex
distribution of the long-range connections:
1. scale-free networks with a vertex distribution decaying as a power law similar to Kleinbergs
model from section 2.2.3,
2. single-scale networks with a vertex distribution with a fast decaying tail, for instance exponential or Gaussian decay and
3. broad-scale networks with a vertex distribution similar to scale-free networks up to a dedicated
value, but similar to single-scale networks for distances greater than this value.
They pointed out several factors responsible for the variant vertex distributions. Scale-free
networks arise if new vertices added to the network link themself to a number of existing vertices,
more likely to those with high degree (also known as rich get richer model). This growing behavior

causes the characteristic inverse power vertex distribution [13]. There are several factors which
could prevent a network from being scale-free. One of these factors is called aging, which we
will explain using the example of the collaboration network between actors. In time, an actor
stops acting and the degree of his representing vertex will remain static form that moment on.
However, the vertex is still part of the network. Besides that a vertex can have a maximum
degree which could be handled. For example considering the network of world's air trac, where
vertices represent airports, the size of an airport limits the maximum number of links possible.
Aside from that, adding new links to this network involves costs, which tamper with the growing
behavior of scale-free networks and lead to vertex distributions dierent from the basic case with
power law like vertex distributions.
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Fig. 6: Local algorithms in the small-world setting.

3

Algorithmic Aspects

3.1 Formal Framework
[11] pursues the question how vertices provided only with local knowledge are able to nd short
paths in a small-world network as shown in gure 6. This is one of the most fundamental questions
of scientic analysis on small world networks, because it is combined with possible applications
for example for routing problems in real world networks. Analyzing this problem requires a proper
framework. Namely we have to dene
1. network model we will use,
2. how the local knowledge of each node is dened and
3. what a short path is.
We will use the network model presented in section 2.2.3 and dene a message holder's v local

knowledge as

1. knowledge of the underlying grid structure,
2. the lattice coordinates of the target t and
3. the lattice coordinates of all former message holders and their long-range contacts,
whereby (3.) will not be used in any of the presented algorithms, because (1.) and (2.) already
might fulll locality in a regular sense while (3.) would overfulll it. A usage in impossibility
statements however will only strengthen their meaning, which will be a statement about locality.
A short path is dened as a path from vertex s to t whose length is polynomial in its expected
minimum path length  or in other words a polynom in log n.

3.2 Algorithmic Results
3.2.1 Impossibility Statements

[11] obtains two major results. Firstly becomes apparent
that there is no way for a local algorithm to nd short paths in a Kleinberg network with
r 6= 2 (even if they exist). This has an extensive impact on former research. Recall the network
model discussed in section 2.2.1. As shown in section 2.2.3 graphs produced by adding a random
matching to an n-cycle form a subset of Kleinberg's model which we use here (generated by
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setting p = q = 1, r = 0 and using a 1-dimensional lattice). Therefore local algorithms are
unable to nd short paths in this model and consequently it is inappropriate to explain the
small-world phenomenon (the vertices [individuals] in Milgram's small-world experiment indeed
have only local knowledge). Probably the Strogatz-Watts-Model (section 2.2.2) also proves to be
unsuitable, even though it is no subset of Kleinberg's model, as shown in section 2.2.3. Their
dierences however turned out to be slight and on top of this the uniform probability distribution
used by Strogatz and Watts is likely to prevent local algorithms from nding short paths.

3.2.2 Kleinberg's Algorithm

As second major result, [11] suggests a simple local greedy
algorithm A, which is able to nd short paths in Kleinberg networks with r = 2 and p = q = 1
from a source node s to a target node t. When we combine both results, we see that using the
inverse-square distribution for generating long-range contacts is a necessary condition for local
algorithms being able to nd short paths.
A is probably the rst algorithm which comes in mind when thinking about the problem.
First of all, it declares s as the current message holder u and set the path P =< s >. Then,
until u = t, A chooses a vertex, which is adjacent to u and as close as possible to t. This vertex
is added to P and serves as the new current message holder u. At the end, P is returned. A is
shown in algorithm 1.
Figure 7 gives an example of a possible output of this algorithm. The red colored edges mark
the returned path. In its rst step, the algorithm chooses a local contact since the long-range
contact of s is far away from t. In the second step, A uses a long-range connection and thus
shortens the remaining distance to t greatly. Note that this is actually a suboptimal decision
because if A had chosen the subjacent local contact and afterwards long-range contacts twice,
the length of the returned path would have been 4 instead of 6. Nevertheless keep in mind that we
do not search for shortest paths but only for short paths (polynomial in the expected minimum
path length).
In order to see that the algorithm is truly capable to nd short paths, we will discuss the
basic proof idea for that claim. Consider the green color gradation in gure 7. We divide the
course of action into phases. We say A is in phase i ∈ N+ , i 2i < d(v, t) ≤ 2i+1 , and in phase
0, i d(v, t) ≤ 2, where v denotes the current message holder. It is obvious that the number
of phases A walks through is at most 1 + log n. Kleinberg shows, that the expected number
of iterations the algorithm performs in each phase lays in O(log n). Altogether, the cumulative
number of iterations lays in O(log2 n). Since A increments the length of the returned path by
one in each iteration, the total length of the returned path lays in O(log2 n) as well and thus
polynomial in the expected minimum path length (which is in O(log n) as mentioned in section

Algorithm 1 Greedy algorithm A for nding short paths for r = 2. Note that this implementation is supposed to encourage better understanding. In fact, A has no knowledge of the entire
network structure G = (V, E) like it is passed to the function.
1:
2:
3:
4:
5:
6:
7:
8:
9:

Greedy

(G = (V, E), s, t)
P ←< s >
u←s
while u 6= t do
u ← arg minx∈{v∈V |(u,v)∈E} d(x, t)
P.append(u)

function

end while
return

P

end function

. Find a short path in G from s ∈ V to t ∈ V

Graph Theoretical Approaches to the Small-World Phenomenon

11

Fig. 7: A network of Kleinberg's modeling framework with n = 11, p = q = 1 and r = 2. Most of
the long-range connections are dropped to simplify matters. The red edges identify an example
output of algorithm 1. The green color gradation visualizes the phases of the algorithm which
are used for analysis.
2.2.3). Consequently A does return short paths. The correctness follows when we recall that A
starts with s and consider that the remaining distance between t and the current message holder
is decreasing strictly monotonic in each iteration.

3.2.3 Indirect-Greedy Algorithm

After Kleinberg's initial results concerning algorithmic
aspects of small-world networks, a number of papers followed up his ideas. For example [12]
showed that Kleinberg's analysis of A is tight and therefore A runs even in Θ(log2 n). It also suggests an algorithm which achieves path lengths in O(log3/2 ), but needs additional local knowledge
(each node have to know the long-range connections of its log n closest neighbor nodes).
[14] provides each node with O(log2 n) bits of topological awareness as well and proofs thereby
a general tight O(log1+1/k n) upper bound for greedy algorithms on k -dimensional lattices. This
means that short path nding algorithms are getting more eective with increasing number of
dimensions of the underlying grid structure. In the case of social networks, a two-dimensional
lattice will be turn out to be inappropriate to represent the human nature, because it would
leave out many intrinsic dimensions of our (world) society like religion, culture, social standings
or dierent professions. [14] also species an oblivious algorithm (indirect-greedy) which achieves
the upper bound mentioned above. In this context oblivious means that the algorithm does
not need to store data about former message holder at any step. Thus decisions made by the
algorithm only depend on the target t and local information about the current message holder,
which reduces protocol overhead in network routing scenarios, enhances fault-tolerance and is
more similar to the way people behaved in Milgram's original experiment [1].
In the following, let G = (V, E) be an instance of Kleinberg's network model (with r = 2,
q ≥ 1 and p ≥ 1), B denote the indirect-greedy algorithm operating on G in order to nd a
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Algorithm 2

Indirect-greedy algorithm B on G = (V, E). Av ⊆ E denotes the topological
awareness and A0 v := Av ∪ (E ∩ {v} × V ) the edges known by v . Note that this implementation is
supposed to encourage better understanding. In fact, B has no knowledge of the entire network
structure G like it is passed to the function.

1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:

IndirectGreedy

(G = (V, E), s, t)
P ←< s >
u←s
while u 6= t do
a ← arg minx∈{v∈V |∃y∈V :(y,v)∈A0 u } d(x, t)
b ← arg minx∈A0 u ∩V ×{a} d(u, x)
u ← arg minx∈E∩{u}×V d(x, b)
P.append(u)

function

. Find a short path in G from s ∈ V to t ∈ V

. Find target of intermediate destination
. Find intermediate destination
. Route to intermediate destination

end while
return

P

end function

short path from s ∈ V to t ∈ V and Av ⊆ E the topological awareness of node v ∈ V . Av is a
list of long-range connections in G, for instance the long-range connections of the log n closest
neighbors of v . B is shown in algorithm 2. Each step of B can be divided into two phases. In the
rst phase, B chooses the edge (x, y) ∈ E that is known by the current message holder u and
minimizes the distances d(y, t) (on rst priority) and d(u, x) (on second priority). In the second
phase, it nds a node which is adjacent to u and as close as possible to x. This node is appended
to the output path and declared as the new current message holder. Then B starts again with
the rst phase applied to the new current message holder until it reaches t.
Reconsidering gure 7 we can now observe that when assuming Av contains the long-range
connections of the respective subadjacent node, B would not choose the suboptimal long-range
contact in the second step like A did (recall section 3.2.2) but would see the advantageous longrange connection of the current message holder's neighbor and choose this node as intermediate
destination. Thus B would output a path with length 4 instead of 6.
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Conclusion

The small-world phenomenon states, that the most pairs of strangers in the world are connected
via short chains of acquaintance. This thesis does not only spark interest of social psychologists
but of scientists from various other academic areas as well.
We have discussed several attempts at a mathematical explanation of the small-world phenomenon. Small-world networks can be modeled by mixtures of structured and random graphs
combining locality and low minimum path lengths. In order to measure these both polarities we
introduced the terms characteristic path length and clustering coecient and alternatively global
and local eciency of networks, based on which we evaluate dierent modeling approaches.
Cycles plus random matchings score well in our measurement framework, but do not allow to
interpolate between the polarities mentioned above. Randomly rewired lattices overcome this
defect introducing the parameter p. Nevertheless we detected the modeling approach of [11] as a
more generalized framework for small-world networks. Moreover [11] gives fresh impetus to the
discussion raising the question how vertices in such graphs are able to nd short paths. It suggests that the network has to provide some clues to the vertices how to nd a suitable vertex in
order to deliver the message. These clues disappear for example if the long-range connections are
generated by random trials using the rectangular distribution like it was often assumed in former
modeling approaches. [11] and follow-up papers like [14] and [12] presented simple local greedy
algorithms capable of producing short paths in dedicated model instances using a inverse-square
vertex connectivity distribution for long-range contacts.
However, the modeling frameworks are still very clean and skip important factors of smallworld networks observed in the real-world. The discussed models for instance assume uniform or
power law connectivity distributions of the long-range connections. In section 2.2.4 we detected
that other distributions (like exponential, Gaussian or mixtures) are possible. When we consider
the world community, even these distributions may be inappropriate and a gradual distribution
would be a better approximation. Reducing to the "geographic" dimensions, it is probably more
likely to know people from our home city (state, country, continent...) then from our neighbor
city (state, country, continent...), even if the geographic distance to second ones might be shorter.
Furthermore the models ignore the wide variety of connectivity characteristics of the individual
nodes, for instance the prominent position of Mr. G. in Milgram's experiment (mentioned in the
introduction section 1).
Research on small-world networks has many elds of application. In computer science one of
its many applications is helping to evaluate and optimize the trade-o between size and eciency
of routing tables in the computer network scenario. Popular public key infrastructures (systems
providing secure user identication of network participants) like PGP are based on a Web of
Trust [15], which has to show characteristics of small-world networks for being useable. Besides
that, very large social networks turned out to be small-world networks (conversation graph of
MSN [16] and the friendship network of Facebook [17]) recently. Research results might oer
valuable clues to information ow in such communication systems.
To sum up, small-world networks will stay in focus of research and have not been fully explored
yet. We can hope that future research will enable us to combine theory with practice even more
strongly.
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